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Abstract

We study global behavior of large ensembles of simple reactive agents. We do so by applying com-
putational complexity tools to the analysis of formal complex systems and their dynamics. Since we
are interested in the global dynamics and emerging behavior of large agent ensembles, rather than in
an individual agent’s deliberation, learning or other cognitive abilities, the discrete complex systems
we study are based on the communicating finite state machine (CFSM) abstraction. In particular, we
show that counting the number of possible evolutions of a particular class of CFSMs is computation-
ally intractable, even when those CFSMs are very severely restricted both in terms of an individual
agent’s behavior (that is, the local update rules), and the inter-agent interaction pattern (that is, the
underlying communication network topology). We use this abstract framework to formally prove the
well-known intuition about multi-agent systems (MAS) that a complex and, in general, unpredictable
global behavior may arise from coupling of rather simple local behaviors and interactions.

Keywords: Agents and complex systems, self-organizing systems, large-scale MAS, cellular and
graph automata, discrete dynamical systems, computational complexity, #P-completeness

1 Introduction and Motivation

Multi-Agent Systems (MAS) are a research area where artificial intelligence and distributed computing
overlap [50]. Hence, research in MAS heavily draws on the existing theories, tools and methodologies from
both AI and distributed computing. What we would like to contribute to the more thorough understanding
and better design of large-scale MAS are some ideas, paradigms and tools from another scientific discipline,
namely, complex dynamical systems. Among many abstract mathematical models of discrete dynamical
systems, the one class that we find particularly simple yet useful for addressing many fundamental issues
in distributed computing in general, and in large-scale multi-agent systems in particular, are the classical
cellular automata and some of their graph automata extensions.

Cellular automata (CA) [16, 17, 18, 21, 34, 52, 53] are discrete dynamical systems whose individual
components are rather simple, yet that can exhibit highly complex and unpredictable behavior due to
these simple components’ mutual interaction and synergy. A CA is made of a finite or infinite regular 1-D,
2-D or higher-dimensional grid of nodes, where each node behaves like a finite state machine with a fixed,
usually small, number of distinct states. The nodes are interconnected together and can affect each other:
the future state of a given node, in addition to its own current state, also depends on the current states of
some of its near-by nodes. The “program” that tells a node to what value it should update its state, based
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on the states of these neighboring nodes, is deterministic and fixed; it is called the local update rule. All
the CA nodes update (i) synchronously in parallel with each other, and (ii) according to the same update
rule.

What are the important properties of the large-scale distributed computational and communication
systems in general, and MAS in particular, that can be adequately captured by the CA-like models?
Let’s consider a cellular automaton from the distributed computing and multi-agent system perspectives.
Studying global dynamics of a CA then translates into an exploration of the global behavior of a multi-
agent system when (i) the individual agent behaviors are fixed, (ii) the pattern of multi-agent interaction
(“network topology”) is fixed, and (iii) both the individual agent behaviors and the interaction patterns
among the agents are uniform (that is, homogeneous) across the entire system. In particular, CA and
other related models capture the important distributed and multi-agent systems’ properties of locality of
interaction among the agents, and of the bounded speed of information and impact propagation. However,
CA-like models do not allow for an individual agent’s deliberation or adaptation of any sort; the individual
agents are strictly reactive, and are also characterized by a fixed, nonadaptive behavior. Instead, the focus
of such models is on various emergent properties at the level of agent ensembles.

Several modifications of the basic CA model along different dimensions can be argued to provide
appropriate abstractions for the large-scale distributed computing and, in particular, for the large-scale
MAS made of simple reactive, autonomously executing agents. We identify the following four as the most
important:

- heterogeneity of the cellular/graph automata in terms of (i) the individual agent behaviors and (ii)
the inter-agent interaction pattern, in contrast to the strict homogeneity of the classical CA in both these
respects;

- model of inter-agent communication insofar as whether the agents locally compute synchronously or
asynchronously, and whether they interact with one another synchronously or asynchronously;

- adaptability of the individual agents, i.e., are these agents capable of dynamically changing their
behavior via, e.g., reinforcement learning, or are their individual behaviors fixed once the state of their
environment is specified;

- dynamic changes of the MAS network topology, that would be captured by allowing the underlying
cellular space of a cellular or graph automaton to change as a function of time.

Of the outlined four dimensions along which the classical CA can be readily generalized, this paper will
focus on the first. In particular, we will study a particular class of models of communicating finite state
machines (CFSMs) as an abstraction of a MAS made of simplistic, reactive agents, in which (i) different
agents are allowed to behave differently from one another, and (ii) the interaction (i.e., communication)
pattern among the agents is allowed to be irregular.

1.1 Paper Outline

We study in this work certain classes of CFSM-based graph automata that we find to be a useful abstraction
of various multi-agent systems made of reactive agents, and a sufficiently general theoretical model for
the agent-based simulation of a broad variety of physical, computational, and socio-technical distributed
infrastructures [3, 12]. In this work, as well as several other related papers (e.g., [4, 5, 6, 7, 8, 9, 10, 33, 44,
45, 46]), the general approach is to study various configuration space properties of such graph automata.

We specifically focus herewith on determining how many configurations of certain kinds such graph
automata have, and how hard are the computational problems of enumerating those configurations. The
main contributions of our work are as follows. We prove that exactly enumerating the number of fixed point
configurations in two related classes of graph automata, called Sequential and Synchronous Dynamical
Systems, is computationally intractable, even when (i) such a discrete dynamical system is defined over
a graph that is regular, bipartite, and uniformly sparse, and (ii) each node of a given graph automaton
is required to update its state according to a symmetric Boolean function.

The rest of the paper is organized as follows. Section 2 is devoted to the necessary preliminaries about
the models that we study, namely, the sequential and synchronous dynamical systems. Some related work



is briefly reviewed in Section 3. Our results on the hardness of enumerating fixed points,1 and therefore
different possible dynamical evolutions, of the CFSM models of interest are presented in Section 4. The
paper summary is given in Section 5.

2 Preliminaries

In this section, we define the graph automata models studied in this paper, and their configuration space
properties. Sequential Dynamical Systems (SDSs) were proposed in [9, 10, 11] as an abstract model
for computer simulations. This model has been subsequently successfully applied in the development of
simulations of the large-scale socio-technical systems, such as, for example, the TRANSIMS project at
the Los Alamos National Laboratory [12].

Definition 2.1. A Sequential Dynamical System (SDS) S is an ordered triple (G,F,Π), with the
following components:

1. G(V,E) is a connected undirected graph without multi-edges or self-loops. G = GS is referred to
as the underlying graph of S.

2. Each node is characterized by its state. The state of a node vi, denoted by si, takes on a value
from some finite domain, D. In this paper, we shall focus on D = {0, 1}. We use di to denote
the degree of the node vi. Each node vi has an associated node update rule fi : Ddi+1 → D, for
1 ≤ i ≤ n. We also refer to fi as the local transition function. The inputs to fi are si and the
current states of the neighbors of vi. We use F = FS to denote the global map of S, obtained
by appropriately composing together all the local update rules fi, i = 1, ..., n.

3. Finally, Π is a permutation of V = {v1, v2, . . . , vn} specifying the order in which the nodes update
their states using their local transition functions. Alternatively, Π can be envisioned as a total
ordering on the set of nodes V. In particular, we can view the global map as a sequential composition
of the local actions of each fi on the respective state si, where the node states are updated according
to the order Π; that is, FS = (fΠ−1(v1), fΠ−1(v2), . . . , fΠ−1(vn)).

The nodes are processed in the sequential order specified by the permutation Π. The processing associated
with a node consists of computing the new value of its state according to the node’s update function, and
changing its state to this new value.

Most of the early work on sequential dynamical systems has focused primarily on the SDSs with
symmetric Boolean functions as the node update rules [3, 4, 5, 6, 8, 9, 10]. By symmetric is meant
that the future state of a node does not depend on the order in which the input values of this node’s
neighbors are specified. Instead, the future state depends only on Σj∈N(i) xj (where N(i) stands for
the extended neighborhood of a given node, vi, that includes the node vi itself), i.e., on how many of the
node’s neighbors are currently in the state 1. Thus symmetric Boolean SDSs correspond to the totalistic
(Boolean) cellular automata of Wolfram (see, e.g., [52, 53]).

The assumption about symmetric Boolean functions can be easily relaxed to yield more general SDSs.
We give special attention to the symmetry condition for two reasons. First, our computational complexity
theoretic lower bounds for such SDSs imply stronger lower bounds for determining the corresponding
configuration space properties2 of the more general classes of graph automata and communicating finite
state machines (CFSMs). Second, symmetry provides one possible way to model the mean field effects
used in statistical physics and studies of other large-scale systems. A similar assumption is made in [13].

Definition 2.2. A Synchronous Dynamical System (SyDS) is an SDS without the node permutation. In
an SyDS, at each discrete time step, all the nodes perfectly synchronously in parallel compute and update
their state values.

1Fixed point configurations of a sequential or a synchronous dynamical system will be defined in Section 2.
2Configuration spaces of sequential and synchronous dynamical systems will be defined in subsection 2.1.



Thus, the SyDSs are similar to the finite classical cellular automata, except that in an SyDS the
nodes may be interconnected in an arbitrary fashion, whereas in a classical cellular automaton the nodes
are interconnected in a regular fashion. Another difference is that, whereas in the classical CA all nodes
update according to the same rule, in an SyDS different nodes, in general, may use different update rules.

In the sequel, we shall often slightly abuse the notation, and not explicitly distinguish between an
SDS’s or SyDS’s node itself, vi, and its state, si. The intended meaning will be clear from the context.
We shall discuss in more detail several possible interpretations of the global map F = FS , and how this
map acts on the (global) configurations of an S(y)DS S, in subsection 2.1.

2.1 SDS and SyDS Configuration Space Properties

A configuration of an SDS or SyDS S = (G,F,Π) is a vector (b1, b2, . . . , bn) ∈ Dn. A configuration C
can also be thought of as a function C : V → D.

The function computed by SDS S, denoted by FS , specifies for each configuration C the next
configuration C′ reached by S after carrying out the updates of the node states in the order given by
Π. Thus, the function FS : Dn → Dn is a total function on the set of global configurations. This
function therefore defines the dynamics of the SDS S. We say that S moves from a configuration C
to a configuration FS (C) in a single transition step. Alternatively, we say that SDS S moves from a
configuration C at time t to a configuration FS (C) = C′ at time t+1. Assuming that each node update
function fi is computable in time polynomial in the size of the description of S, clearly each transition
step will also take polynomial time in the size of the SDS’s description. The initial configuration of an
SDS S will be often denoted by C0 in the sequel. Given an SDS S with the initial configuration C0, the
configuration of S after t time steps is denoted by Ct.

The configuration space (also called phase space) PS of an SDS or SyDS S is a directed graph defined
as follows. There is a vertex in PS for each global configuration of S. There is a directed edge from a
vertex representing configuration C to that representing configuration C′ if FS (C) = C′. Since any SDS
or SyDS is a deterministic dynamical system, each vertex in its configuration space has the out-degree of
1. Since the domain D of state values is assumed finite, and the number of nodes in the SDS is finite, the
number of configurations in the phase space is also finite. If the size of the domain (that is, the number of
possible states of each node) is |D|, then the number of global configurations in PS is |D|n.

Definition 2.3. A configuration C of an S(y)DS S is a fixed point (FP) configuration if FS (C) = C,
that is, if the transition out of C is to C itself.

3 Related Work

SDSs and SyDSs investigated in this paper are closely related to the graph automata (GA) models studied
in [32, 35] and the one-way cellular automata studied by Roka in [39]. In fact, the general finite-domain
SyDSs exactly correspond to the graph automata of Nichitiu and Remila as defined in [35]. The main
difference between the graph automata in [32, 35] and the SDSs studied herein is the sequential ordering
aspect. In particular, SDSs generalize the finite sequential CA [44, 45] in that they allow arbitrary (finite)
underlying graphs, as opposed to restricting cellular spaces to the regular Cayley graphs only [16].

Over the recent years, several researchers have considered the issue of the communication model in
discrete dynamical systems [15, 17, 24, 39, 44]. For instance, Huberman and Glance in [24] discuss and
demonstrate experimentally that certain (simulations of) n-person evolutionary games exhibit very differ-
ent, but probably more realistic, dynamics when the cells are updated sequentially, as opposed to when
they are updated synchronously in parallel. Comparison and contrast of the resulting dynamics in cellular
automata and automata networks when the nodes update perfectly synchronously vs. when they update
sequentially can be found, e.g., in [17, 44].

Barrett, Mortveit and Reidys in [9, 10, 33], and Laubenbacher and Pareigis in [31], investigate the
mathematical properties of sequential dynamical systems. Barrett et al. study the computational com-



plexity of several configuration space problems for SDSs. These include Reachability, Predecessor
existence and Permutation existence [6, 7]. Problems related to the existence of garden of Eden
and fixed point configurations are studied in [8]. The first results on the related counting problems,
some of which are revisited (in much less detail) in this paper, can be found in [46].

Counting or enumeration problems naturally arise in many contexts, from approximate reasoning and
Bayesian belief networks in AI (e.g., [40]), to network reliability and fault-tolerance (e.g., [47]), to statistical
physics (e.g., [28, 30]). Counting problems often arise in the context of discrete dynamical systems and
theoretical models for parallel and distributed computing, as well. Indeed, being able to efficiently solve
certain counting problems is essential for the full understanding of the underlying dynamical system’s
qualitative behavior. Perhaps the most fundamental counting problem about any dynamical system is
to determine (or estimate) the number of attractors of that system [2]; these attractors correspond
to our fixed points. Counting the non-FP temporal cycles and cycle configurations, or the garden of
Eden (GE) configurations, or the sizes of basins of attraction for different attractors, may also be of
interest. For example, in deterministic discrete dynamical systems that are temporal cycle-free, such
as the asynchronous (that is, sequential) discrete Hopfield networks with linear threshold update rules
[22, 23], or the sequential CA with monotone threshold update rules [17, 44, 45], the number of fixed points
equals the number of possible dynamical evolutions of the system. In the context of Hopfield networks,
the interpretation of the FP count is that it tells us how many distinct patterns a given Hopfield net can
memorize [2, 22, 23]. In other, more general deterministic dynamical systems, the total number of possible
evolutions equals the sum of the number of fixed points and the number of non-FP temporal cycles.

4 Results on Hardness of Enumerating SDS and SyDS Fixed

Points

We shall use reductions from the known #P-complete problems, such as the counting version of Positive-
Exactly-1-in-3-SAT (PE3SAT), to the problems of counting FPs in certain classes of SDSs and SyDSs.
These reductions will establish the #P-completeness of those counting problems about SDSs and SyDSs.
We now define the variants of Satisfiability [14, 38] that we shall use in the sequel:

Definition 4.1. Exactly-One-in-Three-Satisfiability (or E3SAT for short), is a version of
3CNF-SAT [14] such that, first, each clause in a given 3CNF formula contains exactly three literals,
and, second, where a truth assignment is considered to satisfy the given 3CNF formula if and only
if exactly one of the three literals is true in each clause. Positive-Exactly-One-in-Three-
Satisfiability (abbreviated as PE3SAT) is further restricted: no clause in the 3CNF formula is
allowed to contain a negated literal.

Our #P-hardness result in this section will be a consequence of the following result by Hunt et al. on
the hardness of counting satisfying truth assignments of the PE3SAT Boolean formulae:

Proposition 4.1. [25] The problems of exact enumeration of the satisfying assignments of (i) E3SAT,
(ii) PE3SAT and (iii) Planar-PE3SAT are all #P-hard.

We have shown in [46] that counting fixed points in an arbitrary Boolean SDS or SyDS is, in general,
#P-complete. We sketch the construction from [46] below.

Let an arbitrary instance I of PE3SAT be given, where I has n variables and m clauses. The only
assumption we make about I is that it does not have any redundant variables; that is, we assume that
each of the n variables appears in at least one clause. We construct the corresponding instance of an SDS
S = S(I) from Boolean formula I as follows. The underlying graph of S has a distinct node for each
variable xi, 1 ≤ i ≤ n, and for each clause Cj , 1 ≤ j ≤ m. The node labeled xi is connected to the node
labeled Cj if and only if, in the Boolean formula I, variable xi appears in clause Cj . In addition, our
graph has one additional node, labeled y, that is adjacent to the nodes Cj for all indices j = 1, ...,m.
Hence, each Cj has exactly four neighbors, and the node y has m neighbors.



The node update functions of our SDS S are as follows:

- Each node Cj evaluates the logical AND of the current value of the node y, the value evaluated by
the PE3SAT function of the three variables {xj1 , xj2 , xj3} that appear in the corresponding clause Cj

of I, and the current value of itself; that is, the node update function Cj evaluates to 1 if and only if:
(i) exactly one of the three neighboring nodes xj1 , xj2 , xj3 is in the state 1;
(ii) the node y currently holds the value 1; and
(iii) the current value of Cj itself is 1.

- The special node y evaluates the Boolean AND of its own current value and the current values of
the clause nodes Cj , 1 ≤ j ≤ m. This will enable us to argue that the node y, in effect, evaluates the
Boolean formula for the specified truth assignment {x1, ..., xn}, provided that the initial value of y is
y0 = 1, and, likewise, that C0

j = 1, for all j, 1 ≤ j ≤ m.
- Each node xi evaluates the logical AND of itself and the current values stored in the clause nodes

Cj(i) such that, in the original formula I, variable xi appears in each of the clauses Cj(i) (and in no
other clauses of I).

The order of the node updates is (C1, ..., Cm, y, x1, ..., xn).
We observe that each of the clause nodes Cj in S has only O(1) neighbors, and, consequently, the

description of its update rule, whether given as a (reasonably succinct) Boolean formula or a truth table,
will also be of size O(1). In contrast, node y has Θ(|V |) neighbors. However, y updates according to
a very simple rule, namely, the Boolean AND rule, that can certainly be encoded much more succinctly
than via a truth table with Θ(2m) rows. Similarly, the variable nodes, xi, also update according to the
Boolean AND function, which can be encoded, if need be, in a succinct tabular form even for those
nodes that correspond to the variables in the original PE3SAT formula that appear in more than O(1)
clauses. In particular, the description of S = (GS , FS ,ΠS ) can certainly be encoded so that the size of
that encoding is linear in the size of the representation of the underlying graph GS alone, and is also
polynomially related to the size of the original PE3SAT formula I.

We claim that the reduction from #PE3SAT to #FP-SDS based on the above SDS construction
from an instance I of PE3SAT is weakly parsimonious. Both problems clearly belong to the class #P.
Since #PE3SAT is also hard for that class [25], the result below immediately follows:

Theorem 4.1. The problem of exactly counting the fixed points of an arbitrary Boolean SDS (and
therefore also of any more general finite domain SDS) is #P-complete.

A formal proof that the above construction is, indeed, a weakly parsimonious reduction from #PE3SAT
to #FP-SDS, as well as a detailed analysis of what the resulting configuration space looks like, can be
found in our online technical report [46].

By a straight-forward modification of the given SDS construction, and a similar argument to the one in
the proof of Theorem 4.1, the #FP-SyDS problem for the general Boolean, as well as other finite domain
SyDSs, is hard for the class #P, as well.

Corollary 4.1. The problem #FP-SyDS for Boolean and other finite domain SyDSs is #P-complete.

We remark that the underlying graph in the construction above is bipartite, as there are no lateral
edges among the variable nodes or among the clause nodes, and hence only even-length closed paths3

are possible. Moreover, by the results of Hunt et al. in [25] on the complexity of counting problems for
the planar graphs (see Proposition 4.1), the underlying graph GS in our construction can be also made
planar while preserving the hardness of the counting problem #FP-S(y)DS. Likewise, as a straight-forward
corollary to the complexity results by Vadhan on counting in sparse graphs and sparse Boolean formulae
[47], a O(1) bound on the maximum node degree for the variable nodes can be imposed, while preserving
the #P-completeness of #FP-S(y)DS.

3We purposefully avoid using the word “cycle” here, even though it is the more common term in the graph theory literature,
in order to avoid possible confusion between closed paths, or cycles, in the underlying graph of an SDS on the one hand, and
the temporal cycles characterizing this dynamical system’s behavior (that is, the directed cycles in the resulting configuration
space), on the other.



Therefore, when all these restrictions on GS are imposed simultaneously, the conclusion is that the
#FP-S(y)DS problem is #P-complete even when the underlying graph is (i) planar, (ii) bipartite, (iii)
with only one node of degree greater than O(1) (and hence, in particular, very sparse on average). We
show in the next subsection that the #P-completeness of exactly counting FPs still holds when the local
update rules are restricted to symmetric Boolean functions. Finally, in subsection 4.2, we establish the
intractability of counting FPs in symmetric Boolean SDSs and SyDSs even when the underlying graph, in
addition to being bipartite, is also uniformly sparse and regular.

4.1 Counting Fixed Points of Symmetric Boolean SDSs

The hardness results for symmetric Boolean SDSs and SyDSs will be based on an appropriate reduction
from the PE2-in-3SAT problem. We define PE2-in-3SAT similarly to how we defined PE3SAT, only
this time we require each clause to have exactly two true variables (rather than exactly one as was the
case in PE3SAT). We observe that, since PE3SAT is NP-complete, so is PE2-in-3SAT , and moreover
the #P-completeness of the counting version of the former, let’s denote it #PE3SAT, also implies the
#P-completeness of the counting version of the latter, #PE2-in-3SAT .

Let an instance I of PE2-in-3SAT be given. Assume that there are n Boolean variables, denoted
x1, ..., xn, and m clauses, C1, ..., Cm, in I. We recall that each clause Cj contains exactly three unnegated
variables, xj1 , xj2 , xj3 . A monotone 3CNF Boolean formula I is a positive or satisfying instance of PE2-
in-3SAT if and only if there exists a truth assignment to x1, ..., xn such that exactly two variables in
each clause are true.

We now prove that counting FPs of a symmetric Boolean SyDS or SDS is #P-complete. We recall
that fixed points are invariant under the node update ordering; that is, regardless of whether the nodes
update synchronously in parallel, or sequentially according to an arbitrary ordering Π, the fixed points
of the underlying dynamical system as specified by its graph and the local node update functions remain
the same (see [33] for a proof).

Theorem 4.2. The problem of counting fixed points of a symmetric Boolean Synchronous Dynamical
System, abbreviated as #FP-Sym-SyDS, is #P-complete.

Proof sketch: To show #P-hardness, we reduce the problem of counting the satisfying truth assign-
ments of an instance of PE2-in-3SAT to counting the fixed points of a symmetric Boolean SyDS. We
construct an SyDS, S, from an instance of PE2-in-3SAT as follows. We let the underlying graph of S
have m + n + 1 vertices: one for each variable, one for each clause, and one additional vertex, denoted
by y. Next, we define the edges of the underlying SyDS graph. Each vertex node xi is adjacent to those
and only those clause nodes Cj(i) such that the corresponding variable xi appears in the corresponding
clause Cj(i) of formula I. Each clause node Cj is adjacent to all other clause nodes Ck (for all k,
1 ≤ k ≤ m, k 6= j), to the special node y, and to the three nodes xj1 , xj2 , xj3 corresponding to the
Boolean variables that appear in the clause Cj in the formula. By symmetry, the node y is adjacent to
all the clause nodes Cj , 1 ≤ j ≤ m.

We define the node update functions as follows:

xt+1
i = xt

i ∧ (∧j(i)C
t
j(i));

Ct+1
j = All-But-One {xt

j1
, xt

j2
, xt

j3
, Ct

1, ..., C
t
m, yt};

yt+1 = yt ∧ (∧m
j=1C

t
j),

where the Boolean-valued function All-But-One of q Boolean variables (for any integer q ≥ 1) is
defined as All-But-One{z1, ..., zq} = 1 if and only if exactly one of its inputs zl is 0, and all the rest
are 1s.

We claim that the constructed synchronous dynamical system has |T | + 2 fixed points if and only if
the corresponding instance of PE2-in-3SAT has |T | satisfying truth assignments. A detailed proof of
this claim can be found in our electronic technical report [46].

By the invariance of fixed points with respect to the node update ordering, the next result on the
hardness of counting FPs in symmetric Boolean SDSs is not surprising.



Theorem 4.3. The problem of counting fixed point configurations of symmetric Boolean SDSs (abbreviated
as #FP-Sym-SDS) is #P-complete.

Again, the full proof can be found in [46].

4.2 Counting FPs of Symmetric SDSs over Uniformly Sparse Graphs

In subsection 4.1, we have established that counting FPs of symmetric Boolean SDSs and SyDSs is,
under the usual assumptions in computational complexity, intractable. The constructions there are only
weakly parsimonious; see [46] for more details. Perhaps more importantly, the underlying graphs in those
constructions have nodes with an unbounded number of neighbors; those nodes would correspond to agents
that can directly communicate with many other agents. In most large-scale MAS, however, an agent can
directly communicate with only a handful of other agents, i.e., the underlying communication topology is
sparse.

In this subsection, we show that enumerating FPs of symmetric Boolean S(y)DSs remains #P-complete,
even when the underlying graph, that is, the communication network topology of the agents, is uniformly
sparse. That is, the result holds even when each node of an SDS or SyDS has only O(1) neighbors.
In particular, the intractability of the FP enumeration problem holds even when the underlying graph is
3-regular and also bipartite. Moreover, our construction that will establish the desired result will be
(strongly) parsimonious.

Theorem 4.4. The problem of enumerating fixed point configurations of symmetric Boolean SDSs and
SyDSs is #P-complete even when the underlying graph is simultaneously 3-regular and bipartite.

Proof: We first establish the #P-hardness of the problem of enumerating FPs of a symmetric Boolean
SDS (Sym-Bool-SDS) when the underlying graph is bipartite and has all node degrees bounded by 3. A
simple modification will then yield the desired result for 3-regular graphs.

Let an instance of monotone 2CNF Boolean formula be given, such that no variable appears in more
than three clauses. We assume that each clause contains exactly two distinct unnegated Boolean variables.
For the ease of the subsequent SDS construction, we do not allow any redundant clauses or variables in this
monotone 2CNF instance; in particular, without loss of generality, we assume that each variable appears
in at least one clause. None of these restrictions affects the computational complexity of the underlying
enumeration problem.

By the results of Vadhan [47] and Greenhill [20], enumerating satisfying assignments of such a Boolean
formula is still #P-complete. From this monotone 2CNF formula we parsimoniously construct a symmetric
Boolean SDS as follows. As before, we denote the number of variables by n and the number of clauses by
m. There is a node for each variable xi in the 2CNF formula, and a node for each clause Cj in the formula.
As before, a variable node xi is adjacent to a clause node Cj if and only if, in the 2CNF formula, the
corresponding variable appears in the corresponding clause. Unlike our prior constructions, no auxiliary
nodes or edges are needed. The node update rules are as follows. Each variable node, xi, updates according
to the Boolean AND of its own current state, and the current states of (up to three) clause nodes that
this variable node is adjacent to. Each clause node, Cj , updates according to the following symmetric (but
non-monotone) update rule:

Cj ←

{

1, if Cj + xj1 + xj2 6= 1

0, otherwise
(1)

where, in the 2CNF formula, the clause Cj is given by Cj = (xj1 ∨ xj2).
The node update ordering is any permutation Π such that first all the variable nodes update (in an

arbitrary sequential order), and then all the clause nodes update (again, in an arbitrary order).
We claim that the given construction from Mon-2CNF Satisfiability to Sym-Bool-SDS is par-

simonious. We will outline the case analysis. There are two main cases to consider. Let’s first assume
that the SDS starts from an initial configuration where there exists a clause node, Cj⋆, such that initially



C0
j⋆ = 0. Consider the subconfiguration (Cj⋆, xj⋆1

, xj⋆2
). If initially (x0

j⋆1
, x0

j⋆2
) = (0, 0), then this sub-

configuration is already a part of a (local) temporal two-cycle, i.e., (Cj⋆, xj⋆1
, xj⋆2

) will alternate between
(0, 0, 0) and (1, 0, 0) ad infinitum, irrespective of the states of other notes. If initially (x0

j⋆1
, x0

j⋆2
) 6= (0, 0),

then, at time t = 1, (C1
j⋆, x

1
j⋆1

, x1
j⋆2

) = (1, 0, 0), and the same local temporal two-cycle {(1, 0, 0), (0, 0, 0)}
is reached. Thus, if initially there exists a clause node that is in the state 0, such starting configuration
may be either transient or cyclic, but it cannot be a fixed point.

The second scenario to consider is when, initially, C0
j = 1, for all j. There are two subcases: one

is when the Boolean vector (x1, ..., xn) corresponds to a satisfying assignment of the underlying 2CNF
formula, and the other is when this Boolean vector falsifies the formula. In the former case, each clause
node will have at least two out of three of its inputs equal to 1 at time t = 1, so it will evaluate to 1.
Similarly, each variable node, that updates according to Boolean AND, will have all its neighboring nodes
in the state 1, so it will itself stay at its current value. Hence, it is immediate that each configuration of the
form (C1, ..., Cm, x1, ..., xn) = (1, ..., 1, x1, ..., xn), where (x1, ..., xn) constitutes a satisfying assignment to
the monotone 2CNF formula, is a fixed point.

In contrast, if (x1, ..., xn) falsifies the 2CNF formula, then there exists a clause node that has both
its neighboring variable nodes in the state 0, and, since this clause node is currently in the state 1, it will
have exactly one of its three inputs equal to 1. Hence, this clause node will change its state to 0, i.e., the
corresponding starting configuration cannot be a FP.

Therefore, we conclude that the satisfying truth assignments of the Mon-2CNF formula are in a
one-to-one correspondence with the fixed point configurations of the symmetric SDS constructed from this
formula. The claim of the theorem for the SDSs whose underlying graphs have the maximum node degree
of 3 now follows immediately.

Moreover, two straight-forward modifications can ensure that the Theorem holds for 3-regular graphs,
as well. First, we can construct an SDS from a monotone 3CNF (instead of a monotone 2CNF) formula;
this modification certainly does not make the corresponding problem of enumerating the satisfying truth
assignments any easier. Secondly, the monotone 3CNF formula can be required to be such that each
variable xi appears in exactly three clauses, as opposed to at most three clauses (see, e.g., [20]). These
two modifications maintain the #P-completeness of the enumeration version of SAT. Thus, the resulting
underlying graph in our SDS construction, in addition to being uniformly sparse and bipartite, can be
made to be 3-regular, as well.

The claim of the theorem has now been established for the symmetric Boolean SDSs. Essentially
the same construction works for the corresponding Bool-Sym-SyDSs, where all the nodes update syn-
chronously in parallel. The corresponding case analysis that establishes that the resulting reduction is,
indeed, parsimonious, is similar to, but slightly different from, the analysis for the Bool-Sym-SDSs. We
leave out the details due to space constraints.

To summarize, determining the number of stable configurations, and therefore of different possible
dynamical evolutions that eventually stabilize and reach one of the stable configurations, is #P-complete
even for some very simplistic CFSM-based discrete dynamical systems, such as the symmetric Boolean SDSs
and SyDSs studied in this paper. Moreover, as our final theorem above shows, this intractability holds even
when the underlying network topology is regular, bipartite and very sparse. In particular, insofar as the
sparseness aspect is concerned, our results for S(y)DSs on 3-regular graphs (and, more generally, all sparse
graphs whose maximum node degree does not exceed 3) are, to the best of our knowledge, the sharpest
of their kind yet: all previous results on the computational hardness of counting stable configurations for
S(y)DSs (e.g., [46]), as well as for parallel and asynchronous Hopfield networks (e.g., [36, 37]), are for the
underlying graphs with the maximum node degree of 4 or higher. We refer the reader to [46] for a more
detailed discussion of some of the related work.



5 Conclusions and Future Directions

Large-scale distributed computational and communication systems are often characterized by the property
that, while the individual components may be relatively simple and their behavior well-understood, due
to the interaction among those components and the interdependencies among different processes taking
place at different components, the overall system behavior can become extremely complex.

As a step towards understanding the kind of emerging complexity in such large-scale decentralized
infrastructures, as well as towards developing a general theory of their computer simulation, we have
adopted a discrete dynamical systems perspective. The primary methodological approach to studying
properties of a dynamical system is to study its behavior, i.e., its configuration space. In this paper,
we consider certain types of graph automata, based on the general model of communicating finite state
machines, as an appropriate class of discrete-time, discrete-state dynamical systems. We specifically focus
on the problem of enumerating how many stable configurations (FPs) such dynamical systems have in
their configuration spaces, when each of their nodes has only two distinct states, and updates according
to a simple Boolean function of the states of its neighboring nodes. We establish that these enumeration
problems for Sequential and Synchronous Dynamical Systems are #P-complete, even when the following
constraints on the structure of an SDS or SyDS simultaneously hold:

• the underlying graph of such an SDS or SyDS is bipartite and uniformly sparse - and can also be
made regular;

• each local update rule is required to be a symmetric Boolean function; and

• the nodes of the S(y)DS use only two different update rules.

In particular, we have shown in this work that important enumeration problems about distributed
discrete dynamical systems are intractable when two important restrictions simultaneously hold. One,
insofar as the inter-agent local interactions are concerned, we restricted the communication topology, that
is, the underlying graphs of SDSs and SyDSs, to uniformly sparse bipartite graphs. Two, insofar as each
agent’s individual behavior is concerned, we limited the node update rules to symmetric Boolean-valued
functions.

That there are important configuration space properties of Boolean SDSs that remain intractable
even when those SDSs are severely restricted both in terms of the allowable underlying graphs and the
allowable local update rules is an indication that a very complex and, in general, unpredictable global
dynamics in multi-agent systems can be obtained via coupling of rather simple and strictly local inter-
agent interactions of a homogeneous, mean field kind. Further exploring the implications of our results
herewith in the context of large-scale multi-agent systems will be the subject of our future work.
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